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Abstract

This paper introduces an economically meaningful concépgenerality of an input and
defines acoefficient of technological generalitan intuitive measure of congruence in the
R&D required for improving the quality of various adaptaigoof a general purpose input. It
is shown in a monopolistic competition model with heteragmrs firms that if the proposed
coefficient is less than zero, then firms would prefer to autse the R&D and production
of the input to a specialized supplier in the long run, anccigieation will lead to faster
output growth. If coefficient is greater than zero, outpuvgh is slower under specialization
and specialization cannot be a long run equilibrium. Furtlighe coefficient is zero then
whether or not specialization occurs is governed by conafiams that have been put forward

in existing models, and specialization has no impact ondateaf output growth.
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1 Introduction

A long line of economic thought has dwelled on the connestioatween general purpose tech-
nologies, specialization, and output growth. Investmyadiinto these connections to date have
proceeded by exploring the linkages between any two of tlteses. We provide a theory that
connects all three and illustrate our theory using a monsjotompetition model based on Dixit
and Stiglitz (1977). The model provides conditions undeicWlidiversity in use of an input leads
to specialization in R&D and production of the input, and toaditions under which such spe-
cialization results in faster output growth.

Smith (1776) first put forward the idea that specializatieads to increases in input produc-
tivity and growth of output, and Smith’s arguments were expied more carefully in models like
Romer (1987) and Becker and Murphy (1992). Specializatichis line of thought is not related
to generality of input use, although the such a relationslaip also been postulated for a long
time, at least as far back as Stigler (19@Etigler’s intuition about the emergence of specialized
suppliers has also been carefully developed in BresnahdrGambardella (1998), but neither
they nor Stigler examine impact of specialization in gehprapose inputs on the growth rate
of output. Other models, including Helpman and Trajtenl{@@98), Aghion and Howitt (1998)
and Lipsey, Carlaw, and Bekar (2005), examine the impacteokral purpose technologies on
output growth, but do not assign any role for specializatiothe growth process. The long and
intervowen literature on general purpose technologies;igpzation and output growth, provides
a strong motivation for the effort in this paper to link thesacepts.

At the heart of the paper is the relationship between ecoeswii scale and output growth,
a relationship that has been explored in a long and veneligeeature. The early contributions,
especially of Alfred Marshall and Allyn Young, focused oroaomies of scale that arise at the
economy wide or industry level, and were explored more fdsmmaArrow (1962), Uzawa (1965),
Chipman (1970), Romer (1986) and Lucas (1988). The ecorsoafigcale in the current paper is

1Bresnahan and Trajtenberg (1995) coined the term GenerpbBe Technology. Stigler (1951) referred to spe-

cialized suppliers of general purpose inputs as “generddiafists”.



a variation of the one that is used in the more recent R&D bgsadth models of Romer (1990),
Grossman and Helpman (1991), Aghion and Howitt (1992) ameég¢1995), and arise from the
opportunities to make upfront R&D investments that can wuprthe quality (or equivalently,
efficiency or productivity) of an input used in productH)nOur contribution is to examine the
impact of specialization on output growth when such an in@ag use across diverse firms, but
might need to be adapted for use in the different productrongsses.

For such a general purpose input, a specialized firm thatliggppultiple downstream firms
might have more incentive to improve the common input tharheadividual downstream firm.
In such a case, specialization would lead to better expioiteof scale economies, hence the
connection between generality of input use, specialinatiod the rate of output growth. We
show in a monopolistic competition framework that when ath8 use a common input and there
are no costs involved in adapting the input to each firm’s petidn process, then the firms would
prefer to source the input from a specialized supplier, antgus growth would be faster under
specialization. Specialized suppliers act as substititegint research consortiums, creating
scale effects from specialization.

Yet, one rarely finds such perfect general purpose inputese/improvements in quality can
on its own improve productivity across diverse firms. Whanhsre common is that some inputs,
like semiconductor chips, often benefit from continual adbes in basic scientific or engineering
methods, which have to be adapted in different ways acrodspheuusing industries to drive
productivity improvements. Bresnahan and Trajtenber§%) &lentify such co-invention as a key
characteristic of general purpose technologies.

Hence the economies of scale to be reaped from speciahzdépend not just on the extent
of use of the input, but also on congruence in the R&D requioedmproving the different adap-
tations of the input. If there are some general conceptsctrabe used to increase the quality of
the different adaptations of the input, then there wouldpneably be gains from specializing in

making improvements to the set of general concepts. Thas waes first put forward by Rosen-

2Jones (1999) explores some of the features and limitatiom®dels of output growth where the increasing returns

to scale stem from R&D opportunities to improve the produtirocess.



berg (1963), in his study of the emergence of specializeglgrg of machine tools in the United
StateE

We build upon Rosenberg’s notion in Section 2 and define acwfficient of technological
generality an intuitive measure of congruence in the R&D requiredrgerioving different adapta-
tions of an input. Within the assumptions of our model, wenshroSection 3 that for specialization
to occur, it is sufficient that the coefficient of technoladigenerality be less than zero. Further,
while specialization can occur if the the coefficient is ddaaero, if specialization is to result in
faster output growth, it is both necessary and sufficiertttiecoefficient be less than than zero.

This mechanism described in this paper is complementafyg@mihes considered in a recent
group of papers focused on production networks, that seekaderstand the emergence of key
suppliers in the econonty.In the models in this group of papers, key suppliers emergause
competition accentuates firm-level differences over tieiéer in firm productivity as in Oberfield
(2017), or because of positional advantage in an existibgar& as in Carvalho and Voigtlander
(2014).

We suggest a reason why, in the first place, suppliers emergeguts that are likely to form
hubs for production networks, rather than the manufactfireuoh inputs occurring within the
firms that use these inputs. In contrast to the above papatrsldhnot rely on any property of the
input per se but rather on the differences across firms, wesfon a key property of the input that
ensures that specialized suppliers would emerge for susérglepurpose inputs.

In the next section we formalize our notion of technologigaherality of an input. We also
give three examples of general purpose inputs - semicoadaleips, machine tools and chemical
plant design - where documented evidence suggests thataiegical generality was central to

the emergence of specialized suppliers.

3See Section 211 for more details.
4Inspired by the results in the Carvalho (2014) and Acemdgéuyalho, Ozdaglar, and Tahbaz-Salehi (2012) that

firm levels shocks are more likely to have macroeconomic otgidithere are key suppliers in the economy who form

hubs for production networks, many authors have developmteia were such suppliers emerge endogenously.



2 Technological Generality

There are many inputs whose improvement in quality benefitssfin a particular industry, or a
group of closely related industries. There are a few othguti, like steam engines or semicon-
ductor chips, where the benefits span a wide swathe of indsistAt the heart of these general
purpose inputs is an idea that has applicability in the pcadao of many different products.

Repeated improvements in the idea that using heat to coneggt to steam allows mechanical
work to be done in a controlled fashion, led to the use of steagines in many industries - ini-
tially in the mining industry to pump water, then in the téxindustry to drive looms, and finally
in railroads and steamships to transport materials andl@eSpnilarly, improvements in the idea
that semiconducting materials can be used to make electcomiponents for storage, manipula-
tion and communication of information led to the use of s@mductor chips in the production
of a wide variety products - from calculators, radios andimgeaids to medical equipment, auto-
mobiles, aircrafts, televisions, computers, robots, andenecently to mobile phones and bionic
implants.

While both of these ideas required adaptation to meet tha@negents of different industries,
there were undoubtedly common elements that once unddrstoald be adapted for use with
modifications. We base our idea of technological generalityhis notion of reusability of a com-
mon idea. Bresnahan (2011) provides an excellent disqusdithe connection between general
purpose technologies and reuse of iaeas.

To give these notions a concrete form, suppose that thereastsnuum of firms; € (0, N)
that use an input in their production. The firms have an opdtst to invest in R&D to increase
the quality of the input. LeR(i, ¢, z) be the R&D cost to firm of developing an input of quality
g and adapting it for use in its own production process, in daregl environment captured by the
variablez.

Assume that there exists another firm, the supplier, who nstaleds the common processes

SWeitzman (1998) develops a model where economic growthivenlby combining existing ideas. The focus of

our paper is slightly different in that the emphasis is onifigthew uses of a single general purpose input.



involved in increasing the qualities of the different addioins of the input used by the various
firms. LetR (N, ¢, z) be the R&D cost for this supplier for developing qualjtinput and adapting
it across theV different downstream using firms, in an external environncaptured by:.

Let r(V) be the R&D cost of the supplier relative to the total R&D caogturred if each firm
had made the innovation and adaptation on its Bwn,

) = et

Jiso R(i,q, 2)di
We define thecoefficient of technological generaljty, as the elasticity of the relative R&D cost
r(N) with respect taV,

(1)

_ N7'/(N)
ne r(N) 2)

A value ofk < 0 means that the supplier’s cost of doing the R&D for incregsime quality of
different adaptations of the input, relative to the total[R&ost incurred when downstream firms
do the R&D on their own, decreases as more firms start usinopphue. This is likely the case if
the R&D across the different firms involves some common @eseg, which can be done once and
the common result then adapted across multiple downstream.fiThe case witlk = 0 is one
where it does not make a difference whether R&D is done by ancomsupplier or separately by
each downstream firm. K > 0, then the input shows technological divergence.

The notion of technological generality above is differeonf the catch-all notion of technol-
ogy spillovers, which is the transmission of useful infotima across firms. One could think of
technological generality as technology spillovers acliagsistries, but the fact that such inter-
industry spillovers are useful likely implies that there @ome common ideas that can used in
improving production in many industries, and it is this pedy that is primal, making spillovers

useful

5We have implicity assumed that the relative R&D cost depemtgon NV, a more general version would allow it

to depend oy andz as well.
"The notion of technological generality is also not equikate having economies of scope in R&D. It is possible

that for an input withx < 0 the supplier’s cost of doing R&D is higher than the total dosturred if the R&D were
done at individual firms, for a range of values/éf What is important is that the relative R&D cost)V), decline as

N increases.



A natural question arises in the notion of technologicalegality formulated above. Who are
these specialized suppliers, and why can they understarmbthmon concepts involved in making

improvements to the different adaptations of the genengdgme input, while others cannot?

2.1 Who arethe Specialists?

In theWealth of NationsAdam Smith wrote insightfully that improvements in madainare likely

to come from two kinds of peop&]’here are those whose occupation gives them the opportunity
to use (or make) some machinery and gain the knowledge tamiweprpon and presumably find
other related uses for the machinery, a point of view that alas stressed by Hayek (1945).
And then there are scientists and academics, whose tetlumiealucational background often
provides the capability to identify the common or completaenprinciples at play across different
setting@ Fortunately, Nathan Rosenberg has furnished excellemhpbes in both of Smith’s
categories that can throw some light on the identity of spdeed suppliers of general purpose
inputs.

An example of the former kind can be found in Rosenberg (1,983tudy of hardscrabble
entrepreneurs who emerged as suppliers of machine todie indrtheastern United States in mid
19th century. The process of cutting metal was a requirerfeenhany emerging industries at
that time, like firearms, bicycles and sewing machines. Mai#ting involves a set of separate
operations - milling, boring, grinding, planing - each ofialhhistorically faced a similar set of

requirements in the different using industv@sThe early metal cutting tools (or machine tools)

8«All the improvements in machinery, however, have by no nsda@en the inventions of those who had occasion
to use the machines. Many improvements have been made bygéeduity of the makers of the machines, when to
make them became the business of a peculiar trade; and sothatlmf those who are called philosophers or men of
speculation, whose trade it is not to do any thing, but to nkesevery thing; and who, upon that account, are often

capable of combining together the powers of the most distadtdissimilar objects”, Smith (1776).
9Arora and Gambardella (1994) examine the relative impogarf these two mechanisms of innovation over time.
10«Moreover, all machines performing such operations camfeosimilar collection of technical problems, dealing

with such matters as power transmission (gearing, beksinafting), control devices, feed mechanisms, frictiorured

tion, and a broad array of problems connected with the ptigsasf metals (such as ability to withstand stresses and



were developed by machine shops attached to big manufestespecially in the textile and ar-
maments industries. Rosenberg narrates many instancepfepin such machine shops, who
when improving a tool to solve a specific problem in one induystame upon general principles
that could be reused in other industries. Rosenberg arpaéshie discovery of general, reusable
principles was an important reason for the evolution ofdacattached machine shops into inde-
pendent machine tool suppliers serving multiple custon%ers

Rosenberg (1998) provides an example of the latter kind efigfists - suppliers of chemical
plant design services. The turn of the 20th century saw &sing use of chemical processes in
many industries, including food-processing, rubber,Hegtpetroleum refining, glass, paper, ce-
ment, and in metallurgical industries like iron, aluminundasteel. A group of academics at the
chemical engineering department (and its fore runnerg)eaMassachusetts Institute of Technol-
ogy (MIT), realized that the chemical processing in theet#ht industries relies on variations of
a subset of standard unit operations like evaporation|ldigin, liquefaction, electrolyzation and
condensatio@ These academics at MIT characterized the different unitadjpss and the adapta-
tions required for their application in different indussi This codification of knowledge, enabled
by the reusability of general principles, paved the way lierémergence of Specialized Engineer-

ing Firms (SEFs) that provided chemical plant design sesvio firms in diverse industries that

heat resistance)”, Rosenberg (1963), page 423.
11“The machine tool industry, then, originated out of a resggoto the machinery requirements of a succession of

particular industries; while still attached to their inthiess of origin, these establishments undertook to prodoae
chines for diverse other industries, because the techskdd acquired in the industry of origin had direct apptioa

to production problems in other industries; and finallyhahie continued growth in demand for an increasing array of
specialized machines, machine tool production emergedsaparate industry consisting of a large number of firms
most of which confined their operations to a narrow range @fipcts- frequently to a single type of machine tool, with

minor modifications with respect to size, auxiliary attagms, or components”, Rosenberg (1963), pages 420-421.
1?Rosenberg (1998) details the contribution of the acadeatib#i T involved in the codification of this knowledge.

The concept of unit operations was first formulated by Arthut ittle, who lectured at MIT from 1893-1916. Other
contributors include W. K. Lewis, William Walker and Wilka McAdams (who together published an influential

textbook,The Principles of Chemical Engineerindrobert Haslam, and Edwin R. Gilliand.



used chemica

Finally, both of Smith’s mechanisms were at play in the eraeog of specialized suppliers of
semiconductor chips. Similar to the case of machine tobksetarly specialized semiconductor
firms where in most cases started up by employees in the seduictor divisions of leading com-
panies like AT&T and Hughes Aircraft. But most of these foarslwere also scientists, usually
with advanced degrees from leading univers@eﬁhese scientists were able to leverage both the
technical knowledge from their educational backgroundsl, the entrepreneurial knowledge of
possible new uses for semiconductor chips that they gaire#limg in the semiconductor divi-
sions of companies, to understand the common technolqgiicaliples behind the various uses of
semiconductor chips.

The common thread in all three examples above is the idaattdic of inputs that were based
on general and reusable ideas, which where then taken owxtesnal suppliers who invested in
improving the quality of these inputs.

The next section develops the model. In the model, we do needeto the differences in
technical and entrepreneurial capabilities that charaet¢éhe specialized suppliers, instead take as
given that there are such specialists who can understamgtiezal requirements across industries.

We make many simplifying assumptions to bring out sharpdttasic forces at work in the model.

13Some of the early SEFs were Universal Oil Products (UOP)nGted Construction Corporation, Chemical En-
gineering Corporation and Kellog. Arora and Gambardel@9@) provides a history of the evolution of chemical

industry, including the role of SEFs.
L4after the invention of the semiconductor transistor at AT&Bell Labs in 1947, a number of leading technology

companies set up R&D and manufacturing programs to makecsewhiictor chips. The leading manufacturers of
semiconductor chips in the 1950s were AT&T, General ElectRadio Corporation of America, Hughes Aircraft,
Texas Instruments and Westinghouse (see Tilton (1971) aad¥K(1973)). Almost all of the early semiconductor
suppliers could be traced to the the above companies, edlge&T&T and Hughes Aircraft (see Hoefler (1968)).
Intel and AMD were started by scientists from Fairchild Caan@nd Instruments, whose semiconductor division was
started by scientists from Shockley Semiconductors, wimi¢hrn was started by Dr. William Shockley who was one
of the inventors of the transistor at AT&T Bell Labs. The seomiductor division at Texas Instruments was started
by Dr. Gordon Teal, a scientist who previously worked at ATB&Il Labs. Transitron, another early semiconductor

manufacturer was started by David Bakalar, who had also egbdk transistors at AT&T.



We do not endogenize fully the rate of growth of a GPT, instemdiel advances in the science
related to GPTs as an exogenous process, and use the nagessed in Rosenberg (1998) that
such advances reduce the cost of inventive activity in totsethat use the GPT. Further, to focus
on the role of technological generality, we ignore upstreammpetition and consider the basic
case where there is only one potential supplier. To keepribbysis tractable, we adopt a partial
equilibrium approach with aid of a quasilinear utility fuimmn, and examine the rate of output

growth in the section of the economy that can potentiallythsegeneral purpose input.

3 Mod€

There is a continuum of firms, indexed by (0, oo), each of which can potentially use a general
purpose input in their production process. The demand fgtods that use this common input
are generated by a consumer with constant elasticity oftisutisn (CES) preferences over the
goods, and a constant flow of inconido allocate between these goods and another numeraire
good. To focus on the section of the economy that comprises fihat can use the input, the
utility function of the consumer is assumed to be quasilinegh the demand functions being

generated from the utility maximization problem,

[0 a—1

max U(Z(t),Y(t)) = Z(t)—b—a_lY(t)T, a>1

N(t)
st 20 + [ oo =1
=0

n

N(t) p1 n—1
Y(t) = / g0 di) . n>1
=0

whereZ(t) is the quantity of numeraire good consumed at timgi, t) is the quantity of good

consumed at time p(i, t) is the price of good at timet, and N (¢) is the measure of firms who are

using the input at timeé. The above utility function leads to the aggregate and fewel demand
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functions,
Y(t) = P(t)™ 3)

ity = v (Bed) = s @

N(t) 1-n
where P(t) is the industry price index given b¥(t) = ( i p(i,t)l_”ch) . The consumer
0

allocates expenditurB(¢)! = on the set of good that use the general purpose input] ad(t)!~*

on the numeraire good. As the prices of goods that use theagnepose input falls, the consumer
allocates more and more of the total expenditure towardgabes. We will impose the condition
thatn > «, i.e the firm’s demand curve is more elastic than the aggeeg@tnand curve for the

input.

3.1 Technology

To bring out the intuition behind the theory sharply, we wailsume that the only input to produc-
tion is the general purpose input. The input could be a pi¢@apital equipment, like a steam
engine or a machine tool, or an intermediate component ligkemnaiconductor chip, or a service
like chemical plant design.

There is a quality level associated with each unit of the inguunit of the input of higher
quality can produce more output than one of lower qualitymSiare heterogeneous in their ability
to use this input. We denote lay:) the number of units of output that can be produced by firm
using a unit of the input with unit quality. We assume thathefien’s ability, a(i), does not vary

over time. The production function is,

y(i,t) = ali)q(i, 1)K (i, 1),
wherey(i, t) is the quantity of good that can be produced with (i, ¢) units of the input, each of
quality ¢(7, t), by a firm with abilitya(z).
The productivity of the input for firmi at timet is a(i)q(i,t). Sincea(:) is constant over

time, the growth of input productivity for firmis simply the growth in quality (s, t) of the input.

11



Without any loss of generality, we will arrange the firms sattt{:) is decreasing in. The cost of
producing a unit of the input is the same for all qualitiesh# tnput, and we normalize this unit
production cost to o

Firm i can increase its quality(7, t) by investing in R&D. Improvements in basic science that
enables improvements in general purpose inputs, like serdicctor chips, are often the result of
joint efforts of firms, universities and other research aigations. We model this by assuming
that science behind the general purpose technology advaxogenously at a given rate, and the
advancements in science make it easier for firms to improxetiality of their input. For every
improvement in quality of the input that the firm makes, thenfalso has to adapt the new higher
guality input to suit its production process, and this adaph cost might vary across firms.

These aspects of innovation and adaptation are capturacawgésearch cost function for firm

g

R(i,q,2) = h(i) L (5)

z

whereR(i, ¢, z) is the R&D cost to firm to develop and adapt input of quality The functionh ()
factors in the cost incurred by the firm for adapting the inpatlz captures the state of scientific

knowledge. The state of scientific knowledge grows exogsiyat the ratey,
z(t) = e

We assume that there exists a supplier who can do the R&D tmiephe quality of the input,
adapt it to requirements of each downstream firm, and prothecdifferent adaptations. For now,
we assume that the R&D cost function of the supplier to dgvilput of qualityq and adapt it for
use byN downstream firms i, (N, g, z). We expand more on the functidfy in Sectior{ 3.B.

We assume that the supplier faces the same unit productsbifordhe input as the downstream
firms, equal to one. Finally, firms can enter the market to hearnput and produce a new good,
as long as they pay a fixed cast This is a one time cost to be paid to start producing using the
general purpose input, and firms do not have to pay any sualpsebst when they move on to

higher quality versions of the input.

151fthe input is a piece of capital equipment, we assume tleat#ipital equipment depreciates fully instantaneously.

12



Firms make their pricing, production and R&D investmentigiens in a non-cooperative man-
ner, guided by the consideration to maximize profit. The joeof whether or not to rely on an
outside supplier for an input is, however, not well desaibg a non-cooperative setting. Down-
stream buyers of semiconductor chips, like computer or comeation equipment manufacturing
firms, often jointly influence semiconductor chip manufaictg firms, through trade associations
and industry consortia. Hence we look for a coalition-pregdilibrium in our model, and adopt
the equilibrium notion suggested in Bernheim, Peleg, andhgtbn (1987).

We first derive the output growth rates in the two polar cates,integrated case where all
firms do the R&D and production of the input in-house, and thec&lized case where all firms
outsource to the supplier, and show that the output grovithisahigher in the specialized case
if and only if the coefficient of technological generality, is less than zero. Then we show that
these two polar cases are the only two possible equilibeg,partial specialization is not possible.
Finally we show that specialization is the unique long rualit@n-proof equilibrium ifx < 0,
and specialization cannot be a long run coalition-proofildarium with « > 0. If s is equal to
zero, then specialization can be a long run coalition-pempfilibrium, but that determination is
not affected by market growth, and is simply governed by alfanrcomparison in other models
of the size of the supplier markup relative to the fixed R&Destment cost. We start with the

vertically integrated case in the next section.

3.2 Vertical Integration

At each point in time, firms choose how much to invest in R&Djakhin turn decides the quality
of the input available for production. They also manufaettive input with the chosen quality,

produce the output, and finally sell the output at the priey tthoose. Firms make their choices

13



to maximize profits, hence their choices should solve thelpro,

max p(i, t)y(i, t) — K(i,t) — R(i,q(i,t), 2(t))

p(i,t),q(3,t)
s.t y(i,t)

I
3
—~
\.®

~
~
|

3

e
—~
~

T

Q

We first find each firm’s gross profit as a function of qualityd éimen use that to find the firm’s

optimal quality choice. Firni's optimal price to charge in periads,

. i 1 my
i,t) = — = — 6
PO = 100400 et ©
wherem, = —L is the markup over quality adjusted unit cos; L —. Solving fory(i, t) and
(s a(i)q(i, )

K(i,t) using the demand and production functions above, the gro$is made by firm: at timet
can be seen to be,

. . 77—1
wli.0) = i )y(i) = 5 Got) = 1 (SOOI ppre )
Using the solution fop(i, ) in equation[(B), the price indeR(¢) simplifies to,
N(t) =
P(t) = mq ( / (a(i)q(i, )" di) : (8)
=0

The R&D investment problem of the firm can now be simplified to,
q(z,t
where R(i, q(i, 1), z(t)) and (i, t) are given in equationsl(5) and (7) respectively. Note that th
continuum assumption anmeans that the price indgX(¢) is not affected by the firm’s choice of
q(i, t).
It can be seen from the first order condition @i, ¢) that the optimal choice for every firm
: : .n—=1 . . , : q .
is to invest a constant fractlog,—, of its anticipated profitr(z,¢) into R&D For notational
o

16\We assume that firms have access to capital markets to firkagic&&.D.

14



convenience, we define a new variallg¢o denote this constant R&D to gross profit ratio, i.e

-1 . . . . " .
= Ui— Using the R&D and gross profits functions, the optimal R&Ddiion can be written
o

out in terms ofy(, t),

oo t) (a(i)\"" -
@t“W1%:@4,<——) P(t)°. 10
ali ) o ) Po (10)
The second order condition for the problenais- n — 1, which will ensure that research costs rise
faster with quality than profits, and the firm invests a pusifraction of its anticipated profits into

R&D. Using the expression for the optimgli, ¢) above, the gross profit function can be written

(G e

a(i)?
h(i)

case, and show below that this is an outcome of other assomsptie make.

as,

Note thatr (i, t) is decreasing with, if is decreasing in. We will assume that this is the

Entry

A firm will adopt the general purpose technology at tihaad start using the general purpose input
to produce a new output good, if the benefit to enteringsagreater than the benefit to waiting. A
firm’s profit at¢, and any future profits at other points in time, is unaffedigdvhether it entered

att or at any other time. Hence firirwill enter in periodt if,
(1—)m(i,t)At > F — e PAF
wherep is the discount factor. The left hand side of the equatiohesttenefit to entering at time
t, and the right hand side is the benefit to waiting. Taking itmé bf At — 0, we get
(1—¢)n(i,t) > pF.

Sincer(i,t) is decreasing withi, there is a cutoff firm each period with abilit(V(¢)) and
quality ¢(N(t),t), such that all firms with ability greater thar{ N(¢)) would have entered the

market byt. Hence the entry condition above should hold with equatitytfie cutoff firm, i.e,

pF /
(I—¢) (A=)
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m(N(t),1) =

(12)



where, for notational convenience we have defified pF’, the annuitized value of the entry cost
F'. Using the expression for profit from equatién (7) for thisofufirm, we can write the entry

condition as,

Pty <a<N(t>>q<N<t>,t>>"‘1 f (13)

Equilibrium
Since there are no inter-temporal relationships, the #gjiuim of the system can be characterized
as a set of static equilibria, one for eact static equilibrium at is the Sel({q(i, t)}fvz(t), N(t), P(t))
such that the optimal R&D conditions (one for eagln equation[(1D) and the entry condition in
equation[(1B) are satisfied. If these two conditions arefadi, then each firm is making pricing,
production, R&D and entry decisions that maximizes its prgiven the choices made by the other
firms.

The solution to the set of equations would depend on hiwandh(i) are related to each
other. In general, we would expect these two variables toentogether, an adaptation of the
basic innovation that delivers a higher productivity imaent would also probably require a higher

research cost to make the adaptation. If we assume thatdffests cancel each other, i.e,
a(i)"" = h(i), (14)

then we get a tractable way of characterizing the equilibrias we show belo@ Note also, that
sinces > n — 1, the assumption that(s)"~! = h(i) guarantees tha%% (which then is equal to
a(i)°~(~1) is decreasing im, which ensures that(i, t) is decreasing with for everyt, which in
turn guarantees the existence of a cutoff firm for every

From the optimal R&D condition in equation(10) it is easy éeshat, ifa(:)"~! = h(i), then

every firm will choose the same quality for any giveibenote this common quality byt¢), which

In arelated paper, Kyun and Pillai (2017), we explore a ga@meodel of diffusion of general purpose technologies
without the assumption, but confined to the case where alkfare vertically integrated. The diffusion and growth

paths are very similar to the ones described here.
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can be obtained from equatidn {10) as,

alt) = ( “Ozit)lP(t)"‘“) T (15)

nmy

The price index then simplifies to,

N(t) 1-n my
P(t) =mq </ (a(i)Q(t))"_ldi> = T (16)

i—0

where we have defined(N(¢)) as,
N(t)
IMN@):/‘ a(i)"di.
=0
As defined, A(N(t)) is a productivity adjusted measure of downstream firms. Btational con-
venience, we will simply usel(N) anda(N) where convenient, remembering thititself is a

function oft. With these modifications, the gross profit of each firm in égua() becomes,

a(@)™t q(@)*!
a—1 n—a

g A(N)»=1

(i t) = (17)

The entry condition in equatiof_(IL3) can be written as,

AN ()
Nyt g 1O

1
Note from equation$ {7) and (16) th&t— is the gross profit obtained (and hen(eeil)
nm nmy
the net profit obtained), if there was only one firm with= 1 anda = 1. With this conS|derat|on,

we define,
(=)

nmy

The entry condition above can be further simplified usingwhrgablev as,

e = et (FE)

The optimal R&D condition in equatiof (ILO) can also be sitfigi to,

v 1 (OR)

q(t)7 7 = 2(1)

n—o *°

(1 =) ANy
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Together the Free Entry ConditioRE) and the Optimal R&D conditiondR) is system of two
equations in two variableg(t) and N (¢). A graphical illustration of the equilibrium is shown in
Figurell.

Note thatA (V) is increasing inV anda(/V) is decreasing iV, hence the left hand side of FE
condition is an increasing function of. Hence the FE curve is upward sloping, indicating that as
scientific knowledge:(¢) increases, it leads both to increases in quality of the input used by
firms, and in the entry of new firms leading to an increas¥ irOn the other hand, &s increases,
each firm has less incentive to do R&D, hence OR curve is dowshslaping. As time changes

fromttot > t, the OR curve shifts to the right, moving the system to a hightie of¢ and V.

rE

N(t)
N(t)

OR (t")

OR (1)

L 4

gty q(t)
q ——>

Figure 1: Increase in g and N.

As time changes fromto ¢’ > ¢, the value of: increases, moving th®©R) curve to the right. At’, the input diffuses

to more firms (higher N) and the quality of the input used byhdam increases.
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3.2.1 Balanced Growth Path

The quality of GPT inputs like steam engines and semicomdwttips tend to improve over long
periods of time (see Kyun and Pillai (2017)). For examplee oreasure of the quality of semi-
conductor chips, the number of transistors on a chip, hasrged a steady rate for the past fifty
years, so much so that it has been elevated to the statusw{&ltzore’s law) in popular literature.

This provides a motivation to look for growth paths wheredhality ¢(¢) grows at a constant rate.
Moreover, as we show in Propositibh 1, the aggregate olfpcain grow at a constant rate only

along paths where the quality grows at a constant rate.

Proposition 1. The aggregate outpit grows at a constant rate only if quality of the ingugrows

at a constant rate.

Since aggregate outputs(¢) = P(¢)~* from equation[(B)Y (¢) will grow at a constant rate

only if P(t) declines at a constant rate. SubstitutingAgrV) from theOR condition into equation

(@6) gives,

mq o—(n=1)

P(t) = ——————q(t) = (18)
()™

Sincez(t) grows at a constant rat&,(¢) will decline at a constant rate onlyf¢) grows at a

constant rate. Hencé(¢) will grow at a constant rate only if() grows at a constant rate.

Proposition 2. The growth rate ofualityq(t) will be constant only if:(i) is of the forma(i) =

Di~? withD > 0and0 < 6 < ﬁ

Proof. First we show that if the quality growth raté is constant, then rate of diffusion of the
q

input,d§ = NS also constant. From ti@R condition, it can be seen thatqft) andz(¢) change

18The connection between balanced growth paths and powerigsibdtions have been explored by many others,

most notably Kortum (1997) and Jones (2005). There is a derable empirical work that support a power law
distribution of firm sizes, including Axtell (2001). Therealso an extensive theoretical literature that tries tdedénp
the fact, including Simon and Bonini (1958), Gabaix (1998) & uttmer (2007). Gabaix (2009) provides a good

review of the literature.
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at constant rates, thef V') has to change at constant rate as well, i.e.,
A(N(t)) = Age™", (19)

for someM > 0. From theFE condition, if A(N(¢)) andgq(¢) has to change at a constant rate,

thena(N(t)) has to change at a constant rate as well. i.e.,
a(N(t)) = age™", (20)
for someJ > 0. Differentiating equatiori (19) with respect to time usingjtiniz’s rule,
a(N())"'N(t) = M AgeMt (21)

Substituting fora(N(¢)) from equation[(20) into equatioh (21) gives,

. MA
N(t) = an——l()e(M+J(n_1))t>
0

: N :
which leads toN = M + J(n — 1), constant over time.

Next we show that it is possible to have both the quality gmwteg and the diffusion rat%

constant over time only i(:) is of the forma(i) = Di~?. Substituting forA(N)"1 from (EE)

equation into[DR) equation, we get,

ot = 07— 22

Taking logarithms and differentiating with respect tgives,

12l (S

(23)

g N Nd' (N o .
Slnceg andN are constant% must be constant as well. Sinéé increases over time,
q a

/
N . g -
Na((N)) can be constant over time onlydfi) is of the form,a(i) = Di=%. The restriction that
a

0 < L

.~ Is necessary to ensure thﬁf’ a(i)"! is greater than zero. O
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For the rest of the paper, we normalie= 1. With a(i) = i~?, we note for future use that,

Nd'(N)

Qa /\/ = Z\/—G _ = —
( ) ] Y a(N) 97 (24)
_NTYONAWN) S
A(N) = o = L 0. (25)

where we have defingtl= 6(n — 1).

Proposition 3. Along the unique balanced growth path, the diffusion ragven by,

N_ g
N (-0 001 - =) (26)

a—1 \ n—1 o

4]

Proof. Substituting forg(¢) from equation[(2R) into thEE condition gives,

n—o a—1

AN o e N
amw—w—%—?(zfﬂ) ' @D

Taking logarithms and differentiating with respect to tigiees,

ﬁ n—aNA(N) _a—1 Nd(N)\ _ a-1

v (=S - - - o h RS 2, (28)
Using equationd (24) and (25) in equationl(28) gives thetiwidor the diffusion rate in equation
(26). O

We note, for use in Sectiofl(5), that equatibn| (27) can useblie for the measure of firms
that have adopted at Substituting for(N) andA(N) from equationd(24) and (R5) it can be seen

that,
)

N(t) = (((1_5)2?%)%%>§6&’

For notational convenience, we denote the measure of firms-@tas/V,, i.e.,
)

Ny = N(0) = (((1 —0) %) i %) g (29)

and henceV (t) can be written asV () = Noe’.
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Proposition 4. Along the unique balanced growth path, the rate of growthggfregate output is

% _ 2 16, wheres is the diffusion rate.
Q

Proof. Since all firms choose the same quality in equilibrium, tresgiprofit equation {7) implies,
(i, t) _ ( ai) "
T(N(t).t)  \a(N))

from equation[(1R2),

f
-

Sincer(N(t),t) =

f 1
1—¢@a(N)m1’

m(i,t) = a(i)™! (30)

Given that the demand function faced by each firm is one witistant elasticity), firm i’s revenue
isnm(i,t). Denoting the aggregate revenue of all firms using the input f), we have,
N(t)
X(t) = n/ (i, )di.
=0

Substituting forr (7, t) from above, taking logarithms and differentiating withpest to time, and
using equatior (24) anf (25), we get,

X N /NA(N) Nd(N)\ N

~ = —n=1) =N

X N \UAN) a(N) N
| . ) Y a X
SinceY = P(t)"“ and X (t) = P(t)!~*, the growth rate of aggregate outgdts Y a_1ix

Hence, ' _
«Q X_a—lN_a—l
a—1X a N  «

J.

Y
Y

Now we move to the case of vertical specialization.

3.3 Vertical Specialization

To distinguish the downstream industry variables betw&envertically integrated and vertically
specialized cases, we will denote the variables pertatoitige downstream firms with a ha} for

the specialized case. The variables pertaining to the mxppill be subscripted witls.
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We proceed under the assumption that in the vertically sfized case, all downstream firms
will source from the supplier. We show in Sectidn 4 that tkisndeed the case, and partial spe-
cialization is not possible.

All downstream firms now purchase the input with the sameityugl(¢) offered by the sup-
plier, at the same pricg;(t) charged by the supplier. The price charged by downstream fiom

the output good is the solution to the problem,

~

pit
st gli,t) = pli,t) "B

A

g(iat) = a(i)QS(t)K(i>t)'

The optimal price is,
» ps(t)
) =mg————. 31
SRNTOrA0 oy

Using the demand and production functions above, the grasi of firm i is,

a0 Dty = LW (a(i)qs(t))"_ (32

1
n n mdps(t>

ﬁ-(ia t) = ﬁ(% t)g(ia t) - ps(t)f((i» t) =

Further, using the solution fgi(i, t) above, industry price indeR(t) becomes,

1

P(t) = maps(t) < / o a(i)”_ldz) B = —ﬂfdps(t)

qs(t) =0 A(N)TTg,(t)

A

where A(N) = L]jét) a(i)""'di. Using the expression for price index above, the gross grofit

equation[(3R) can be written as,

n—1 a—1
(i 1) = L - Al 4:(t) (33)
n(maps(8)*=" A(N)»-T
Firmi’s demand for the common input is given by,
R (s \n—1 a—1
(i.t) = glt) 1L (gt (34)

D0~ mapOF AR



Supplier’s Problem

The demand for the input faced by the suppli€r(t), is

N(t) 1 £t N(t)
K, (t) / K(z’,t)dz’:( () / a(i)"\di
=0 A
1

maps(t))” A(N)n=1 Ji=0

a—1

= Ty O AN

Hence the quantity of the input demanded from the suppliereases with the quality of the

input, g;(t), as well as the efficiency-adjusted number of downstreansfMﬁN). The supplier’'s

problem is,
max ps () K(t) — Ky(t) — Ry(qs(t), N(2), 2(t))
ps(t),qs(t)
1 oL a=l o
st K(t) = —q,(t)* TAN) = 1py(t)
my
QS(t)U

Ry(N(1),4s(t), 2(t)) = hy(N)

Faced with the constant elasticity demand curve above upglier’s profit maximizing price

is a markup ofi1 over its cost, i.e,(t) = Ll' Denote the supplier markup by,, i.e
o — o —

Hence the price charged by each downstream firm involvedainelard double markup, i.e

Al mgqmesg
1,t) = , 35
p(i,t) o) (35)
and the downstream industry price index is then,
7 mqimsg
Plt)= ———F—. (36)
A(N)r=1qs(t)
Hence the gross profit of firmin equation[(3B) can be written as,
-1 a—1 n—1 a—1
»ﬁ-(l’ t) _ ]_ — CL(’L) Aqsff)a — @a(l) Aqsrgf)a 7 (37)
n(mams) A(N)"T A(N)TT
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where we have, similar to the integrated case, defined the net profit (which in the case of
specialization is also the gross profit) that would havewsztif there was only one downstream

firmwitha = 1 andq¢ =1, i.e.,
1
n(mams)>=1

The gross profit obtained by the supplier is,

v

QI+

71-S(C]s(t)yt) = ps<t)Xst - Xst -

1 . e
= T ag (1) AN)
«

With the gross profit function at hand, we now turn to the R&Dlgem of the supplier. The

supplier's R&D investment problem for periedtan now be simplified to,

~

max 7,(qs(t)) — Re(N(t), gs(t), 2(1)),

as(t)
where, R;(qs(t), N(t), 2(t)) andms(gs(t),t) are given above. Similar to the downstream firm’s
choice in the vertically integrated case, it can be seen ttwafirst order condition to the above
problem that the supplier’s optimal R&D policy is to invesfraction,a—_l, of its anticipated
profits into R&D. Again for notational convenience, we defeneew variagblegb, for this constant
R&D to gross profit ratio of the supplier, i.e2,= a—_l. The only sufficient condition we require
is a < 1+ o, which follows from out two earlier;ssumptions that- n — 1 andn > a. The

optimal research condition for the supplier can be exprease

a—1

o—(amt) _ I L PV e )
e = syt T O

Note that in contrast to the vertically integrated caseptitenal quality chosen by the supplier

. . - . A(N)wT
can be increasing or decreasing with depending upon the rat%. Hence as long as the
adaptation costs are not high, the benefits to the supplienmfoving quality increases with the

number of downstream firms.
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Entry

As with the vertically integrated case, a firm will entertat the benefit from entering is higher
than the benefit from waiting, i#&(i, t) > f. Since equatiori (37) implies thafi, ¢) is decreasing
with i for everyt, there is a cutoff ability.(i) = a(N(t)) for every period, such that,

#(N(t),t) = f (38)

Using equation (33), the entry condition above can be writts

A(N) ,7];&; o B a—1 T
syt T o

Note that the entry condition in the specialization casery gimilar to that for the integrated case,

the only difference being that it reflects the absence ofarebedone by the downstream firms and

the presence of the supplier markup, incorporated in tmegerando respectively.

Equilibrium
The equilibrium in the vertically specialized market is ﬁﬂ(qs(t), N(t)) such that the optimal
R&D investment conditioﬂ@) and the Free Entry conditio@) are satisfied. The following

propositions characterize the equilibrium,

Proposition 5. The diffusion rate under vertical specialization is,

=

) (39)

~

=

ﬁ(u(l—é)Jré(l—a—_l))ij

n—1 o

Proof. Eliminatingg, from the FE andO R conditions, we get,

a—1
A N«

AN n—1_ N7 (AN 7
a(]{f)(n—l)(l—%) f (z(t) o) WJF) (hs(N)> ' (40)

Since we have assumed thdt) = a(i)""! in equation[{I4), we have(N) = fgo a(i)"tdi =

fiivo h(i)di. Hence we can write the last term in the right hand side of buw@ equation as,

AT (fEma T
ho(N) ho(N) '
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Further, from the definition of relative R&D cost.) in equation[(lL), we have,

RS(N7Q7Z) . hs(N)
SR RG,q,2)di [N nG)di

Using the two equations above, we can rewrite equalfion &0) a

T(N) =

AN a—1

A(N)w=1 0 n—1 e 1
- =— —oppl’ - . 41
a(N)(n_l)(l_%) f (Z(t) Q (pp a—1 ( )

Taking logarithms and differentiating the above equati@get,

(42)

N

n—1 AN —(m=na o )a(N) - o r(N)

o =z

N(n—aNA’(N) _a—1 Nd(N) a—lNr’(N))_a—lé

Noting thatx = NT’”(]%])V) from equation[(R), and using equatiohs](24) dnd (25), wetgedliffusion

rate under specialization as given in equation (39). O

Proposition 6. The aggregate output growth rate under specialization is,

Y
v (43)

wit) a6 )"
Sincen (N (t),t) = 1f(p from equation[(38),
7(i,t) = a(i)" f N (44)
a(N)!
The rest of the proof is identical to that in Propositidn 4 entical integration. O

We note, for use in Sectionl(5), that equationl (41) can be tsewlve for the measure of
firms, N (), that have adopted at For a balanced growth path in the specialized case, equatio

(@3) requires that the diffusion ratebe a constant, and hence equation (39) demands:that
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constant. Fok to be a constant, the definition in equatidh (2) implies thatrelative R&D cost
function,r (), should be
r(N) =r N*, (45)

wherer = r(1) is the R&D cost of the supplier relative to the downstream R&ist whenV = 1.
Substituting fora(N), A(N) andr(N) from equations(24)[{25) and (45) in equatibnl (41), it can

be seen that, A
)

N(t) = (((1 — é)%‘f?)g rfnT_lf> 9 b

A

For notational convenience, we denote the measure of firms-@aasN,, i.e.,

C_ e e 9\ F G- 1
Ny = N(0) = (((1 _ gyt ?) %"—f) : (46)
and henceV (¢) can be written as,
N(t) = Noel™. (47)

In the next section, we derive the condition under which ttemth rate of aggregate output

would be higher under specialization than integration.

4 Specialization and Output Growth Rate

Proposition 7. The growth rate of aggregate output is higher under spexadion than under

integration if and only ifx < 0.

Proof. It is clear from Propositions|4 arid 6 that the growth rate ajragate output is higher
under specialization if only if the diffusion rate under sigdization ¢) is higher than the diffusion
rate under integrationsf. And from Proposition5]3 anid 5 we can see that § if and only if
Kk < 0. [
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The reason that output growth rate is higher under speataiz only withx < 0 is most
clearly seen by comparing the incentives to invest in R&Chmtivo cases. In the integrated case,
for a given value ot, the quality chosen by each firm is always decreasing in theoew of firms,
as can be seen from equati@H). In the specialized case however, whether the suppliboge
of quality increases or decreases with the number of doeastifirms depends on how the R&D

cost of adapting the input changes with number of firms. Aslmaseen from equatio@@),

L a-1
supplier’s quality choice,(t) depends on the ratié%, which can be written as—1——.
° r(N)A(N) =T

Hence ifr(.) is a decreasing function, suppliers choice of quality wogdow faster than each
downstream firm’s, and consequently diffusion rate and wugpowth rate will also be higher

under specialization.

5 Specialization asLong Run Vertical Market Structure

Until now, we have derived the paths of aggregate and firmabées taking the vertical market
structure as given, either all firms are vertically integdaor all rely on the supplier. In the fol-
lowing propositions we answer the related question of wéretih not specialized suppliers would
emerge in the market. We start by defining carefully the motd equilibrium vertical market
structure.

Suppose that at timethere areN (t) firms that use the general purpose input to manufacture
a product, where the firms might be integrated or specialidest /(¢) C (0 N(t)) be the set
of vertically integrated firms, and lef(t) C (0 N(t)) be the set of specialized firms, so that
I(t)US() = (0 N()).

Then{I(t),S(t)} is anequilibrium market structuréor ¢ if there is no self-enforcing sub-
coalition of /(¢) that would be better off if they sourced from the supplier &mere is no self-
enforcing sub-coalition of (¢) that would be better off if they had done the R&D and manuifactu

of the input in-house.

Proposition 8. Partial specialization is not an equilibrium market struce for anyt, other than

for a trivial knife-edge case. iI(t), S(¢)} is an equilibrium market structure, either () =
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@, 5(t) = (0 N(#)) or (ii) I(t) = (0 N(t)), S(t) = @.

See Appendix for proof.

Next, we characterize the equilibrium market structurenvihec 0. But before proceeding to

the result, we state two lemmas that are used in proving thétre

Lemmal. If K <0, then{I(t) = @,S(t) = (0 N(t))} is an equilibrium market structure for all
t > 79, Wherers is given by,

1 AR 1
Tg = Max{(), —_S In (r Ny mi‘*‘U(l — gp)5_1>}, (48)
K

whered is the diffusion rate under specialization ang is the number of firms that would exists

under specialization at = 0.
See Appendix for proof.

Lemma?2. If k <0, then{I(t) = (0 N(t)), S(t) = @} is not an equilibrium market structure for

t > 77, wherer; is given by
= Maz{0,——1n (r NEml*o(1 — @)%—1>}. (49)
) 07
See Appendix for proof.

Proposition 9. If x < 0, then specialization is the unique long run equilibrium kedrstructure,
i.e. there exists a such that for allt > 7, {I(t) = @, S(t) = (0 N(¢))} is the unique equilibrium

market structure.

Proof. Let 7 = max(7s, 1), Wherers and ¢ are as defined in Lemnid 1 and Lemfa 2. It
follows from Proposition 8, Lemmid 1 and Lemira 2 that fortall 7, specialization is the unique

equilibrium market structure. O

Proposition 10. If x = 0, then specialization is an equilibrium market structurerity if m! 7 <
1 1

IR a condition which does not vary over time.
1—p)
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First note that ifc = 0, then equatiori(45) implies that/V) = r , independent oV. The proof
is identical to the proof of Lemnid 1 given in the appendix.ririthe proof of Lemmall, it can be

seen that the same argument applies to show that no seliegrga@oalition can make a profitable

deviation from specialization to integrationif V) < ———L—. Sincer(N) =r for the case
ms 1

1 _
1

k = 0, it follows that specialization is coalition-proofrif < #% or equivalently, if

s (I-p)®
1 1
i+0’ < _ﬁ
F(1—p)»

Note that the condition for specialization in this case msikir to ones found in other models

m

of vertical integration. Firms will rely on the supplier ftre input if the supplier markup, is
low relative to the fixed cost involved in doing the produntin-house, in this case the fixed being

the R&D cost as captured by the tefin— ¢) on the right hand side of the inequality above.
Proposition 11. If k > 0, then specialization is not a long run equilibrium marketisture.

See Appendix for proof.

In summary, Propositio$[9-11 characterize the roleiafdetermining the equilibrium vertical
market structure. Ik < 0, then firms would prefer to source from the supplier after squint
in time. If x = 0, then firms might source from the supplier, but whether orthey do so is not
influenced by the growth of the market. If specializationwsg it will occur from timet = 0.
Finally, with k > 0, firms will choose the make the input in-house after sometpoitime.

In the next section, we apply the theory to the simplest cassiple, one where all firms are

identical.

6 HomogeneousFirms

Suppose that all firms have the same ability to use the geperpbse input, which we normalize
to one, i.ea(:) = 1 andd = 0. In this case, the free entry conditionS¥) and ('E) hold for all

firms (and not just a cutoff firm). All firms have a net presersicdunted value of zero. Since all
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firms are identical, there is no adaptation required for dawgh, i.e h(i) = a(:)"~! = 1. Further,
since no adaptation is required, we should also tgve 1, independent ofV. The relative R&D

qO'
hs— 1
ag N

costis then,
_ z

N N 5.4
Jizo h(z)dz?

r(N)

The coefficient of technological generality in this case is,
Nr'(N
_ W) (50)

"W
Substitutingd = 0 andx = —1 in equations[{26) and(B9) gives, the diffusion rates undegira-

Qe

A~

tion and specialization as,
¢
(5 = — (5 =
gO” g]_ o % )

where¢ = (“‘1)_(2‘1) The diffusion rate, and hence the aggregate output groweh isaalways

n
higher under specialization. From equatidng (48) (49hawve that,
if No>rmlto(l— @),

0
Ts = 1 r 140 A . \ 14+0o ~
gln<1\7—0mS (1—(,0)%*1> if No<rm,"7(1 )
0 No > rmi+o(l — ¢)e T,
T —
n (Fomito (1= 9)77) N <rmito(l—g)e
whereN, and N, are given in equations (29) arid (46),
3
1 > AL L U(b
ve P : ve pn—1)i<
) NO = 1 r_
@ (0%

Ny = e

(f%‘l L-y

®Note thats > n — 1 andn > « together imply thal% < 1. The parametep has an economic interpretation, it

is the equilibrium elasticity of diffusion with respect toajity, i.e. ¢ = 5%3’ The value forp above can be obtained
N

directly by substituting = 0 in the[EEl condition and differentiating with respect4o See Kyun and Pillai (2017) for

more details on the parametgr
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Fort > max{rg, 7/}, specialization is the unique coalition proof equilibrimmarket structure.
Note from the equations above that if the number of firms therehe industry at = 0, given by
N, andN, are sufficiently high, then specialization can happen-=at.

Hence in this ideal case where the input is fully general amddaptation is required, a spe-
cialized supplier will enter the market and the diffusioterand aggregate output growth rate will

be higher after the supplier enters the market.

7 Conclusion

We have put forward a model that illustrates a mechanism hghwépecialization contributes to
output growth. The reason for specialization in the moddifferent from conventional explana-
tions based on learning and knowledge accumulation famslit by specialization. Instead, special-
ization is a market response for organizing production wihene are general, reusable concepts
that are useful across multiple firms, such as one would finderproduction of general purpose
inputs like steam engines or semiconductor chips. Spee@suppliers, in such a setting, act as
substitutes for joint research consortiums. Speciabratiot only prevents duplication of R&D
efforts by firms, but also leads to faster output growth beeaaicommon firm supplying multiple
downstream firms has an incentive to invest more in R&D thah @adividual downstream firm.
The model developed in this paper shows that to gauge theitpiae impact of this kind of
input specialization on the growth rate of output, one neelditional information on only a single
parameter - the coefficient of technological generalitye parameter also plays the central role in
determining whether or not specialized suppliers of a ganmrrpose input would emerge in the
market. The coefficient thus provides some clarity on the odlmarket growth on vertical market
structure, a question that not only has long historical@dents dating back to Adam Smith, but

has also animated contemporary discussions on firm bowsdari
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A Mathematical Appendix

A.1 Proof of Proposition[8

Proposition[8: Partial specialization is not an equilibrium market staue for anyt. If {1(¢), S(t)}
is an equilibrium market structure, eitherl([)) = @, S(t) = (0 N(¢)) or (i) 1(t) = (0 N(t)),S(t) =
a.

Proof. Suppose this was not the case, and there exists an equilibomarket structuré(¢), S(t)}

such that/ (t) # @, S(t) # @, for some time. The price indexP(¢) would now be given by,

_1
n

= ([ s [ aa) 5D)
i€l (t) jes(t)
Afirm i € I(t) faces the profit maximization problem given in Secfiod 3.thw(¢) as given in
equation[(Bll). As shown in Section B.2, all integrated firnisalose the same quality, with the
quality and resulting profit of firmi being given by,

alt) = (%f;ﬁﬂP(t)”—a) o (52)
i) = = (?7,7_& <“(%(t))n_ . (53)

Each firmj € S(t) faces the problem given in Sectibn13.3, and its profit fumct®as given in
equation[(3R),

P <a<z‘>q5<t>)"‘1.

1) = U maps(t)

The cut-off firm at timet can be an integrated firm or a specialized one. The proof warks
either case. Suppose that the cut-off firm is an integrated mthat its quality ig(V,t) = q(t).
Then the profit of the cutoff firm is as given in equatibnl (13%irg equation (13), the gross profit
of firm 7 above,r (i, t), simplifies to,

(i t) = < a(t) )n_l S (54)




. —1
and its net profit is(cl"((ZN))y7 pF'. Using the expression for the profit of the cut-off firm in etjoa

(13), the profit of specialized firmabove (4, t) can also be written as,
o gs(t) a(j) 1 )"‘1 f
w(j,t) = . 55
6= (S amem) 1o 59)
If firm ¢ had chosen to source from the supplier, then it would havaiidd a profit similar to
that in equation(35), i.e.,

.. . QS(t) CL(Z) 1 - f
““”‘(wwwNnuw) e (56)

Since firm: preferred the in-house option, it must be that- ¢)x (i, t) > 7(,t), which leads to

the condition,
0:(t) < q(H)pa()(1 — @) 7. (57)

s

Sincej preferred to source from the supplier, it must be thgtt) > (1 — )= (j, t), which gives,

a

Similarly, if firm j had chosen the in-house option, it would have obtained arobt pf (a(%

4.(8) > q(Op. ()1 — )7, (58)
Equations[(57) and_(58) together represent a contradictind hence we conclude that partial
specialization is not possible.
The only trivial case in which partial specialization hapges if all firms are indifferent be-
tween specialization and integration. Using the equations (i, t) and#(j,t) above, it can can
be seen that this is possible only if the conditioft) = ¢(t)ps(t)(1— go)v%l is satisfied. We ignore

this trivial knife-edge case. O

A.2 Proof of Lemmal[l

Lemmal: If x < 0, then{I(t) = @, S(t) = (0 N(t))} is an equilibrium market structure for all

t > 719, Whererg is given by,

Tg = —LA In <r ]\Afoﬁm?”(l - gp)%‘1> ’
KO
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wheres is the diffusion rate under specialization aigl is the number of firms that would exists

under specialization dt= 0.

Proof. Consider a specialization equilibrium as described iniSeE.3. LetN be the equilibrium
number of downstream firms, so th@k(t) = @, S(t) = (0 N(t))}. Each firm faces the profit
maximization problem give in Sectidn 8.3, and its optimadicks are as derived in Sectibn]3.3.
The price charged by firmi, and the industry price index under specialization are asngin
equations[(35) and (86) respectively,

Ny . mgims

p(l,t) - QS(t)

Pty = —o—
A(N) 7 q5(t)

The profit made by firm under specialization is as give in equatibnl (37)

1 a(i)T gy ()t

= AN =

The profit (i, t) can be written in terms aP(¢) using the expression fd?(t) above,

ap - PO <a<z‘>qs<t>)"‘1. 59

n mgmgyg

The quality offered by the suppliet,(¢), is given in equation@b. Noting thatr(N) =

Fe(Naes) . _h(N)_ ang ysing the expression for price ind@xabove, equatio @) can be
[N RGigs,2) [N, h(i)di
written as,

o—(n=1) _ z(t) n— Ly 1 Py 60
qs(t) T(N) a 7 (msmd)”_l (t) . ( )

Suppose a coalition of firmd), decides to deviate from specialization to integrationt Le
D' be the set of firms that still source from the supplier,ke&J D’ = (0 N). In line with the
notion of coalition-proofness in Bernheim, Peleg, and V8ton (1987), we will check whether
a self-enforcing deviation can be profitable, assuming thatsupplier firm and non-deviating
downstream firms do not change their actions. BEgtt) be the resulting price index after the

deviation.
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Each deviating firm inD faces the profit maximization problem in Sectionl 3.2, witfy)
replaced byP,(t). We know from Sectiofi 3]2 that deviating firhwill choose the price given in
equation[(B), namely(i, t) = W. From Sectio_3]2 it is also clear that every deviating
firm will choose the same quality, sgy(¢), which can be obtained by replaciitf¢) in equation
(OR) with P,(t), i.e.,

a0 = 2% p (e, (61)

P
nmgy

The gross profit obtained by the deviating figmvould be as given in equatiohl(7), withA(t)
replaced byP,(t),

Wd(i, t) =

Py(t)r° (a(z‘)qdu)"‘l)

n mq
and its net profit would bél — ¢)my(i, t).
For the deviation to be profitable for a member of coalitionthe net profit after deviation

should be higher than if it had remained as a vertically gpeed firm, i.e.,we need,

Using the expressions fa; (i, t) andx (i, t) above, the condition for deviation to be profitable is,

n—a

(1= ) rgu(t) > &0 (%) o (62)

ur

Next, we will show that if the deviating coalition is to be fsehforcing, then we should have

LRSS Using the pricing equations for(i, t) andp(i, t) above, the price inde¥,(t) can be

Py(t)
Pilt) = ( [ vt | pu,wl-")
€D €D’

1
_ mgmyg (63)

T -

C_Is(t) n—1 n—1
(((‘I;j—g))) fieD a(i)"_ldi + fz‘eD’ aﬁ)n_ldi)

mg

written as,

1
1-n

For the coalition to be self-enforcing in the sense of Beimh®eleg, and Whinston (1987), no

sub-coalition of deviating firms should find it profitable ®vert back to relying on the supplier.
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Consider a sub-coalition that is arbitrarily small, so ttegir reverting back to specialization has
negligible impact on the price indeX,(¢). Then the self-enforcing restriction becomes,

(1 PO () PO ()

my n msmgq

where the left hand side is the net profit obtained by a firm aisgédhe deviating coalition, and
the right hand side is the net profit obtained by the firm asqfdhe sub-coalition that reverts back

to specialization. The above condition reduces to,

dd (t) > 1

as() (1_ =4

(64)
-~ @)1

Since(1 — ¢) < 1, the self-enforcement condition in equationl(64) implieat?2 > 1, and

QS(t)
mg

hence the price indeR;(t) defined above should satisfy,

MmsMy 1 MmsMy R

Py(t = ——— = P(t), (65)
(t) < qs(t) (fiep aliyr=1di+ [._p, ali)yr 1dz) () A(N) 7T (t)

and hence we havB(t) > P,(t).
With P(t) > P,(t), the condition in equatiofi (62) implies that for deviatiorbie profitable it

is necessary that,
qs(t)

s

Finally, we will show that the condition above will be viotat fort > 7,. The optimal R&D

(1— )7 1qa(t) > (66)

conditions in equation§ (60) arld (61) together imply,

qd<t>)“—<”‘” (i (PA0Y
() oo () &)
With P,(t) < P(t), equation[{(8l7) implies that,

qa(t) < %(t)m;’ G (N)W, (68)

Hence, if the relative R&D cost(V) is such that,
1 1
M (1)
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r(N) < (69)




then equatior (68) would imply that ,

(1 - g)ran) < 0,

and hence the necessary condition for deviation to be potdita equation (66) would be violated.

Combining equation$ (47) and (45), we can write the reld®&® costr(.) as a function of, i.e.,
r(N) =1 N* =1 (Noe®)".

Hence for allt > 75 = —L1In (r Ny mite(1 — @)i*), the condition on-(N) in equation
(69) is satisfied, and there is no self-enforcing coalitiwait tan make a profitable deviation from

specialization. We conclude that specialization is anlégyium market structure for > 7g. [

A.3 Proof of Lemmal2

Lemmal2: If k < 0, then{I(t) = (0 N(t)), S(t) = @} is not an equilibrium market structure for

t > 77, wherer; is given by

- 1 Kk, 140 A 11
T = @ln <r Nimg™ (1 — @) ) (70)

Proof. Consider a vertical integration equilibrium as given int88d3.2. Let/N(¢) be the equilib-
rium number of downstream firms, so tHdt(t) = (0 N(¢)), S(t) = @}. Each firm faces the profit
maximization problem given in Sectién 8.2 and its optimadicks are as derived in that section.
Every firm would choose the same quality) as given in equatiofdR), and firmi would obtain

a profit given in equation (17),

L et

a—1

nmg A(N)TT
Now consider a deviating coalition of aN'(¢) firms, who together now decide to source from

(i, t) =

the supplier. The profit of each firm in the deviating coatitiwill be as given in equation (87),
except thatV in that equation will be replaced by, the number of firms under integration (all of
whom are members of the deviating coalition), i.e.,

1 a(i) g, ()1

n—a

0= e AN
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The deviation makes the coalition members better off(if t) > (1 — ¢)x(i,t). From equations

for 7(i,t) and7 (i, t) above, it can be seen that th&, t) > (1 — ¢)n (s, t) if and only if,

qs(t)

S

> q(t)(1 — )7, (72)

The quality chosen by the supplier, for the deviating caalibf the V firms, would be as given
in equation[(BD), except tha in the equation would be replaced By EquationsiQR) and [60)

would then imply that,

QS(t) = Q<t) }+a ! 1 . (72)

ms mgf(afl) r(N)of(afl)

Hence if the value of (N) is such that,

1 1

r(N) <

(73)

oc—(a—1)

Sp) a—1

then we would havé;% > q(t)——2—==, and hence the condition for profitable deviation in
’ (1-p) =T

equation[(7l1) would be violated. SinceV) = r (Noe®)*, forallt > 7 = —-L In <r Nemlte(1 — @)%—1),
the condition on-(V) in equation[(7B) is satisfied, and hence the deviation istpiwé for all mem-
bers of the deviating coalition. Hence we conclude thaie@rintegration is not a coalition-proof

equilibrium for anyt > 7. 0J

A.4  Proof of Proposition[1]]
Proposition[11: If x > 0, then specialization is not a long run equilibrium marketature.

Proof. With x > 0, we have that(.) is an increasing function, with constant elasticity eqoa.t
Consider an equilibrium with specialization as in Seckid® @ith NV firms, all sourcing the input
from the supplier of quality;(¢). The gross profitr(i, t) of each downstream firm would be as

given in equation(37),

#(i 1) =
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The supplier would choose quality(¢) as given in equatior (60),

P(t)n—az(t)n -18 1

W (1 o—(n—-1) _ _ )
a:(?) r(N) o wn (msmd)n—l

Consider a coalition of alV firms deviating and deciding to produce the input in-houseinA
Sectiori 3.2, every deviating firm will chose the same quality as given in equatiofdR), except

that NV in the equation is replaced bY, i.e,

o—(a— v 1
q(t)7~ D = 2(t)

n

(I =®) AN+
The deviating firms will obtain a profit (i, ) as given in equatiorl_(17), except th&tin the

equation is replaced hy,

1 a—1
m(i,t) = gﬁa(i)n_l%-
nmyg A(N)n=1
The firms in the coalition will find the deviation to be profitalif (1 — ¢)m(i,t) > (i, t).
Using the expressions fat(i, t) and (i, t), we can see that deviation is profitable if,
q(t 1
qf(tz = —
me (L= p)e

ms

Using the expressions fat(¢) andq(t) above, we get,

q(t) o=y o
o = r(N)TEm e

ms

Hence if,
- 1 1
r(N) > g T (74)
s (I=p) o
then we havg‘% > 1)# , and every deviating firm is better of being integrated thaemthey
“ms —p a—1
were sourcing from the supplier. SingeV) = r (Noe™)* andx > 0, forallt > L In ( — 11),
H rNFmETo(1—p) @

A

the condition onr(V) in equation[(74) is satisfied, and hence the deviation istpt@é for all mem-
bers of the deviating coalition. Hence we conclude thatigfization is not a long run equilibrium

market structure. O
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